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INTRODUCTION 
A lattice isomorphism between two Lie algebras is an isomorphism 
between their subalgebra lattices. By Gein [S] and Towers [lS], Levi 
decompositions and-for semisimple Lie algebras-direct sum decom- 
positions are preserved under lattice isomorphisms in characteristic 0 (with 
a few exceptions arising from the nonsplit forms of ~1,). Over the real and 
complex field, the isomorphism class of a simple Lie algebra is determined 
by its lattice of subalgebras (Barnes [l], Goto [9]). 
In the first part of this paper, we take a closer look at lattice 
isomorphisms cp between semisimple Lie algebras over fields of charac- 
teristic 0. We show that nil resp. toral resp. split toral resp. parabolic 
subalgebras correspond under cp. Applying a theorem of Tits about 
isomorphisms of buildings of simple algebraic groups, we conclude that a 
simple Lie algebra of relative rank at least 2 is determined up to semilinear 
isomorphism by its lattice of subalgebras (among all Lie algebras over 
fields of characteristic 0). 
In order to free oneself of the restriction to characteristic 0, it seems 
natural to study the concept of lattice isomorphism also for algebraic 
k-groups, where the lattice under consideration consists of the connected 
k-subgroups. (Note that in characteristic 0, this lattice is canonically 
isomorphic to a sublattice of the subalgebra lattice of the corresponding 
k-Lie algebra). This is done in part 2 of the paper, under the general 
hypothesis that the ground field k is perfect. The results are similar to those 
for Lie algebras: Semisimplicity and almost direct product decompositions 
of a semisimple group are preserved under lattice isomorphisms, if the 
group has no (nontrivial) anisotropic normal subgroup. Parabolic sub- 
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groups correspond under lattice isomorphisms of reductive groups. As 
above, this implies that an almost simple k-group of relative rank at least 2 
is determined by its lattice of connected k-subgroups up to k-isogeny, com- 
bined with a base change corresponding to a field isomorphism k -+ k’. 
I would like to thank Professor Tits for suggesting the present form of 
Theorems 1 and 2. 
NOTATIONS 
For the terminology concerning algebraic groups resp. Lie algebras, we 
follow Borel-Tits [4] (resp. Seligman [ 131). The lattice of connected 
k-subgroups (resp. of subalgebras) of a k-group G (resp. of a Lie 
algebra L) is denoted by n,(G) (resp. /1(L)). These lattices are ordered by 
inclusion. 
1. LATTICE ISOMORPHISMS OF SEMISIMPLE LIE ALGEBRAS 
In this section, L and L’ denote semisimple Lie algebras over the fields k 
(resp. k’) of characteristic 0. We suppose there is given a lattice 
isomorphism cp: A(L) -+ A(L’). As usual, sl(2, k) denotes the k-Lie algebra 
of trace zero 2 x 2-matrices over k. All occurring Lie algebras are supposed 
to be finite-dimensional. 
LEMMA 1. (i) L z sI(2, k) if and only if L’ 2 sl(2, k’). 
(ii) A minimal subalgebra of sl(2, k) is nil (i.e., consists only of 
nilpotent elements) resp. split toral, if and only if it is properly contained in 
exactly one (resp. in exactly two) maximal subalgebras of sI(2, k). 
(iii) The nil subalgebras of L and L’ correspond under cp. 
(iv) The normalizers of the maximal nil subalgebras of L and L’ 
correspond under cp. 
ProoJ (i) Suppose L’ z sl(2, k’). If rank L 1 1, then any two distinct 
Cartan subalgebras of L generate L (since their q-images must be 2-dimen- 
sional), hence their intersection is central in L and thus trivial-a con- 
tradiction (since any two 2-dimensional subalgebras of sl(2, k’) intersect 
nontrivially). Thus, rank L = 1. Then, L is obviously split, hence 
L g sl(2, k). 
(ii ) Clear. 
(iii) By the Jacobson-Morosov theorem (see [ll, p. loo]), every 
l-dimensional nil subalgebra X of L is contained in a subalgebra 
S g sl(2, k). By Towers [ 15, Theorem 3.21 (see also remark 1 below), S’p is 
semisimple, hence 57 r sl(2, k’) by (i). Thus, XV is nil by (ii). 
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(iv) The normalizers of the maximal nil subalgebras of L are the sub- 
algebras Y of L which are maximal with respect to the following property: 
Y contains exactly one maximal nil subalgebra of L. In view of (iii), this 
proves the claim. Q.E.D. 
The automorphism group of L (resp. L’) is an algebraic group defined 
over k (resp. k’), whose identity component G (resp. G’) is semisimple. 
Under the canonical correspondence between connected k-subgroups of G 
and algebraic subalgebras of L, unipotent subgroups correspond to nil sub- 
algebras (which are all algebraic). Because this subgroup-subalgebra 
correspondence commutes with forming normalizers, it follows from 
Borel-Tits [4, Lemma 8.3 and Corollary 5.191 that the minimal parabolic 
k-subgroups of G correspond to the normalizers of the maximal nil sub- 
algebras of L. Thus, if we define a parabolic subalgebra of L to be one that 
corresponds to a parabolic subgroup of G it follows from Lemma 1 (iv) that 
the lattice isomorphism cp maps parabolic subalgebras to parabolic sub- 
algebras. (Note that every subalgebra of L containing a minimal parabolic 
one is algebraic, hence parabolic; see, e.g., [ 10, p. 87, Ex. 61). 
PROPOSITION 1. The nil resp. toral resp. split toral resp. parabolic sub- 
algebras of L and L’ correspond under cp. In particular, L and L’ have the 
same absolute and relative rank, und lf their ubsolute rank is at least 3, the 
underlying ,field&s k, k’ are isomorphic. 
Proof: Let H be a maximal toral subalgebra of L. By the classification 
of upper semimodular Lie algebras (Kolman [ 12, Theorem 2.4]), Hq is 
either solvable or 3-dimensional nonsplit simple. 
Assume Hq is 3-dimensional nonsplit simple. Then dim H = 2. Choose a 
l-dimensional subspace X of H consisting of regular elements of L (i.e., the 
centralizer of X in L is H). Then XV is toral (since Xq c Hq), hence con- 
tained in a maximal toral subalgebra P of L’. If J is solvable, it is abelian 
(since it cannot contain nontrivial nilpotent elements by Lemma l(iii)), 
thus contained in H, and we get 1 = dim J”’ = rank L’. This gives L’ = Hq, a 
contradiction. Hence, by the above result of Kolman, J is 3-dimensional 
simple. Thus, X= H n J is algebraic. Since X was an arbitrary I-dimen- 
sional subspace of H consisting of regular elements, we have proved that H 
has infinitely many algebraic subalgebras. Since the algebraic subalgebras 
of H correspond to the r-fixed pure subgroups of R, where R ? Z* denotes 
the Z-span of the roots of LQk k rel. HOk k, k is an algebraic closure of k 
and I?= Gal(k 1 k), it follows that r leaves all subgroups of R invariant. 
Therefore, H has a l-dimensional subspace Z that is annihilated by a root. 
The centralizer C of Z in L has exactly one maximal subalgebra M 
(namely, its derived algebra) with the following property: The intersection 
of all maximal subalgebras of C different from A4 is l-dimensional (namely, 
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equals Z). It follows that Z”’ is an ideal of C” (being invariant under all 
automorphisms of Cv). Thus, Zq is an ideal of the simple algebra HCP, a 
contradiction. 
We have now proved that Hq is solvable. Hence, if it is an algebraic sub- 
algebra of L’, it decomposes as semidirect sum of a nil and a toral sub- 
algebra (see [7, Chap. V, Sect. 3, Proposition 20]), and is therefore toral 
(since it cannot contain a nontrivial nil subalgebra by Lemma l(iii)). Also, 
if rank L = 1, then Hv is toral (see Lemma 1). It remains to show that H”’ 
is algebraic, if dim H = rank L > I. Since Hv is solvable, it is abelian (see 
above), and so is its algebraic hull Aq (in L’). By the precise form of 
Kolman’s classification, A is either 3-dimensional nonsplit simple or 
decomposes as a semidirect sum of an abelian ideal A, and a l-dimensional 
algebra acting by scalar multiplications on A,,. Since we assume dim H > 1, 
the former case cannot occur: in the latter case, every abelian subalgebra of 
A of dimension > 1 is an ideal, hence H = A (because H is self-normalizing 
in L). Thus, Hv is algebraic. 
We have now proved that the toral subalgebras of L and L’ correspond 
under q. In order to show the same for the split toral subalgebras, note 
that every maximal split toral subalgebra T of L is generated by its inter- 
sections with subalgebras of L isomorphic to sl(2, k) (see [13, p. 6, 
Lemma 51). Hence, it follows from Lemma 1 that T”’ is generated by split 
toral subalgebras of L’, and is thus split toral (since it is toral by the 
above). 
In view of Lemma 1 and the remarks after it, the proof of Proposition 1 
is now complete. (The last assertion follows from the fundamental theorem 
of projective geometry, applied to the restriction of cp to H.) 
Remurk 1. By Towers [ 15, Corollary 4.43, the simple summands of L 
and L’ correspond under cp. Therefore, we consider only the case of simple 
L in the following. Note also that by [ 15, Theorem 3.41, any Lie algebra 
(in characteristic 0) lattice isomorphic with L is semisimple or 2-dimen- 
sional, i.e., our standing hypothesis on L’ to be semisimple is equivalent to 
dim L’ > 2. (It should be remarked that in [ 151, all Lie algebras are sup- 
posed to have the same base field, but the proofs do not depend on that.) 
DEFINITION. A semilinear isomorphism between two Lie algebras is a 
bijective semilinear mapping of the underlying vector spaces which respects 
Lie multiplication. For a simple Lie algebra S, the centralizer of ad(S) in 
the endomorphism algebra of the underlying vector space is a (com- 
mutative) field, called the centroid of S (see [ 11, Chap. X]). If L (resp. L’) 
is simple, we let K (resp. K’) denote its centroid and let L, (resp. Lb) denote 
the (absolutely simple) Lie algebra obtained when viewing L (resp. L’) as 
an algebra over its centroid. 
86 HELMUTVijLKLEIN 
PROPOSITION 2. Suppose L is simple of relative rank 2 2. Then the same 
is true ,for L’, and there exists a unique semilinear isomorphism f: L, + Lb 
with ,f( P) = PV ,for every parabolic s&algebra P of L. 
Proof The first assertion follows from Proposition 1 and Towers [ 15, 
Theorem 3.21 (cf. Remark 1). Then L, and Lb are defined and absolutely 
simple of relative rank 12. Let G, (resp. Gb) be the identity component of 
the automorphism group of LO (resp. Lb); thus G, (resp. Gb) is an adjoint 
absolutely simple algebraic group defined over K (resp. K’) and of relative 
rank 22. Since the parabolic subalgebras of L and L, coincide 
(cf. [4, 6.191) and analogously for L’, Lb, it follows from Proposition 1 
that cp induces an isomorphism between the building of G, over K and the 
building of Gb over K’ (as defined by Tits [ 16, Chap. 53). By the 
classification of those isomorphisms (Tits [ 16, 5.8]), the claim follows. 
COROLLARY 1. If L is absolutely simple of relative rank 22, then there 
exists a unique semilinear isomorphism f: L + L’ with f(P) = PW ,for every 
parabolic subalgebra P of L. 
Proof: Under the new hypothesis, L ( =L,) is semilinearly isomorphic, 
hence lattice-isomorphic, to Lb (by the above). Thus Lb is lattice- 
isomorphic to L’. Hence every chain in A (Lb) of maximal length must be a 
maximal chain in A( L’) (where we consider .4( Lb) as a sublattice of A(L’) 
in the natural way). Obviously, this forces k’ = K’, i.e., L’ = Lb. Now the 
claim follows from Proposition 2. 
COROLLARY 2. Let L be split semisimple. Then every Lie algebra over k 
lattice isomorphic with L is isomorphic to L. 
Proof By Towers [ 151, we can assume L to be simple. The case rank 
(L) = 1 is settled in Lemma 1. If rank(l) 2 2, Corollary 1 applies. (Note 
that since L is split and thus defined over Q, every Lie algebra over k 
semilinearly isomorphic to L is isomorphic to L.) 
LEMMA 2. Let k, and k, be infinite perfect subfields of the algebraically 
closed field F. Let H be an adjoint simple algebraic group defined and split 
over the prime field of F. Suppose there exists an F-isogeny 5: H + H such 
that for every parabolic subgroup P of H defined over F we have: P is defined 
over k, tf and only tf z(P) is defined over k, . Then k 1 G k,. 
Proof. Let H(k,), H(k,), etc., denote the group of points of H which 
are rational over k,, k,, etc. First we show: (*)H(k,) s z(H(k,)). Fix some 
h E H(k,) and choose g E H(F) with r(g) = h (g is in fact unique!). Then for 
every parabolic subgroup P of H defined over kz, the conjugate Pg is also 
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defined over k, (since with z(P) also r(P)” is defined over k,); thus for 
every o in the Galois group Gal(FI k,) we have 
p” = (P”)” = (PO)“” = pR” 
(where o acts in the natural way). Since each such P is self-normalizing in 
H, the element g-‘g” lies in the intersection of all parabolic subgroups of 
H defined over k,. But since H is adjoint this intersection is reduced to { 1 } 
(being normalized by H(k,), hence also by H, see 13, 18.31) hence g” = g 
for all CJ E Gal(FI k2), which means g E H(k,). This shows (*). 
Now let T be a maximal k,-split torus of H. Then S := t(T) is a maximal 
torus of H defined over k, (being the intersection of two minimal 
k,-parabolics of H); but every maximal k,-torus of a minimal parabolic 
k,-subgroup of H is k,-split (by conjugacy of minimal parabolics). Hence S 
is k,-split. 
Thus there exists a character fl of S with /?(S(k,))= k,\,{O}. Then 
c( := /I 3 T 1 T is a character of T. Noting that a is defined over k, (since T is 
k,-split), and that S(k,)s r(T(k,)) by (*), we finally get 
k,\{O}=P(S(k,))~B~T(T(kz))=ir(T(k,))ck,, 
hence the claim. 
PROPOSITION 3. Let K he a field of characteristic 0 with suhjields k, and 
k, such that [K:k,] < CD and [K:k,] < co. Let M he a simple Lie algebra 
over K of relative rank 12, and denote by M, (resp. M,) the k,- (resp. k,-) 
Lie algebra obtained from M through restriction of scalars. Suppose there 
exists an isomorphism x : A(M,) -+ A(M,) fixing every parabolic subalgebra 
of M. Then k,=k,. 
Proof Step 1. Here we consider the special case that M is split. Then 
M has a base {xl ,..., xn} such that the (linear) Q-span of (X ,,..., x,,} is a 
split simple Q-subalgebra of M (where we consider Q as the prime field 
of K). Then the k,-span M(k,) of {x,,..., x,} is a split simple subalgebra 
of M, of rank >= 2, hence by Corollary 1, there exists a semilinear 
isomorphism f: M(k,) + M(k,)X with f(P,) = P; for every parabolic sub- 
algebra P, of M(k , ). 
Let F be an algebraic closure of K, and extend ,f to a semilinear 
automorphism f: &i -+ A, where I@ = C Fx,. We say a subalgebra P of I@ 
is defined over k,, if is is the F-span of P , :=PnM(k,). Then we have 
f(P) = P for every parabolic suhalgebra P of I%? defined over k , (Namely, 
P,sP:=PnM, hence f (P, ) = Pf 5 Px = P and f(p) 2 i7, forcing - - 
f(P) = P). Now Lemma 2 applies (taking for H the identity component of 
the automorphism group of M, and for 5 the automorphism of H induced 
88 HELMUT ViiLKLElN 
by the automorphism of A4 sending I, to,f(x,)); thus k, 5 k,. But then also 
k, 5 k, (by symmetry), hence the claim. 
Step 2. Now we go back to the general case. Let S be a maximal split 
toral subalgebra of M,. Then we have: 
(1) SL is maximal split toral in M,: Namely by [4, Theorem 7.21, S 
is maximal toral in a simple subalgebra E of M,. Since E is split of 
rank 12 (note that rank(E) = relative rank(M,) = relative rank(M), cf. 
[4, 6.21]), by Corollary 1 there exists a semilinear isomorphism f: E -+ E” 
with f(P) = P” for every parabolic subalgebra P of E. Then also f(S) = SX 
(since S is the intersection of two parabolics of E), hence S’ is maximal 
split toral in EX and thus in M,. (Remark: (1) follows from Proposition 1, 
but we give another argument here which generalizes to the group case, 
since we will refer back to this proof in section 2.) 
(2) S is the unique maximal split toral .&algebra qfA4, contained in 
the centralizer Z(S) of S in M: Namely, since Z(S) is the intersection of 
two (minimal) parabolics of A4 (see [4,4.15]), we have Z(S)z = Z(S), 
hence Sy <Z(S) and the claim follows from (1 ) (see [4, 4.161 for the uni- 
queness of Sl). 
(3) S’ is contained in the K-span T of S: Namely, T is a maximal split 
toral subalgebra of M, hence contains a maximal split toral subalgebra of 
M, (see [4, 6.201) which must equal S” by (2). 
(4) By [4, 7.21, M has a split simple subalgebra A of the same 
relative rank. Then A is generated as k,-algebra by the maximal split toral 
subalgebras S, of M, contained in A (note that those S, generate a 
k,-subalgebra of A invariant under all k,-automorphisms of A and apply 
[3, 18.31); but by (3) we have S; 5 A for all those S;, hence A” 5 A and 
finally A” = A. If A is constructed as in [4, 7.21, then every parabolic sub- 
algebra Q of A is of the form Q = P fl A for some parabolic subalgebra P of 
M, hence QX = Px n AX = P n A = Q. Thus we may assume M= A, which 
reduces the claim to the special case considered in Step 1. 
THEOREM 1. Suppose L is simple qf relative rank 22. Then every Lie 
ulgehra dfinite-dimensional over a ,field qf characteristic 0) lattice isomorphic 
with L is semilinemly isomorphic to L. Moreover, ,for every lattice 
isomorphism cp: A(L) -+ A(L’) there exists a unique semilinear isomorphism 
f: L + L’ with ,f(P) = P” ,for every parabolic .&algebra P ?f L. 
Proof In view of Remark 1, it suffices to prove the second assertion. 
The uniqueness ofj’is clear from the uniqueness in Proposition 2. 
The existence part of Proposition 2 yields a semilinear isomorphism ,fi 
L, + L;, with .f(P) = P”’ for every parabolic subalgebra P of L. Hence it 
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suffices to show that the associated field isomorphism CX: K+ K’ maps k 
onto k’. 
Set k, := K ‘(k’) and let L, denote the kz-Lie algebra obtained from L, 
through restriction of scalars. ThenIis a semilinear isomorphism L2 -+ L’, 
hence by setting XX :=,f’~ ‘(XV) we obtain a lattice isomorphism x: 
A(L) + A(L,) fixing every parabolic subalgebra of L. But now Proposition 
3 applies (with M := L,, k, := k, k, := k2), proving that k = k,, i.e., 
x(k) = k’. Q.E.D. 
Remark 2. It follows from Theorem 1 that if L is simple of relative 
rank 22, then every lattice isomorphism cp: n(L) + A(L’) can be written 
uniquely as cp =.f, 1, where ,f: is induced by a semilinear isomorphism .f‘: 
L -+ L’ and x is a lattice automorphism of L fixing every parabolic sub- 
algebra. Then x also fixes every maximal nil and every maximal split toral 
subalgebra of L (see the proof of Proposition 3). If L is of relative rank 2 3, 
it can be shown that x fixes every split toral and every nil subalgebra. 
However, x need not be trivial: By Barnes [Z], L always admits a group A 
(isomorphic to k*) of lattice automorphisms fixing every algebraic sub- 
algebra (and if k is algebraically closed and rank(L) 2 3, then A is the 
group of all lattice automorphisms of L that fix every parabolic sub- 
algebra). This seems to indicate that the lattice of algebraic subalgebras of 
L (which we are going to study in the next section) may be a better 
invariant of L than the full lattice A(L). 
2. LATTICE ISOMORPHISMS OF ALGEBRAIC GROUPS 
In this section, G and G’ denote connected algebraic groups defined over 
the perfect fields k (resp. k’). We suppose there is given a lattice 
isomorphism ~3: n,(G) + n,,(G’). The lattice operations sup and irzf are 
denoted by v and A, respectively. 
Remark 3. For X, Y in n,(G), X v Y (resp. X A Y) is the group 
generated by X and Y (resp. the identity component of the intersection 
X n Y). If X, Y are defined over a non-perfect field S, then X n Y is f-closed, 
but need not be defined overf (nevertheless, n,(H) is still a lattice for every 
f-group H). Thus, one is led to consider the lattice of connected f-closed 
subgroups of an f-group H; but this is nothing new, being equal to n,(H), 
where f denotes the perfect closure of j: 
LEMMA 3. G is k-isogenous to SL, if and only if G’ is k’-isogenous to 
SL,. In this case, the connected unipotent k-subgroups (resp. k’-subgroups) of 
G and G’ correspond under cp. 
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Prooj Suppose G’ is k’-isogenous to SL,. Then, no minimal element A 
of A,(G) can be normal in G. For there exist B, A4 in A,(G) with 
(11 $ B s A4 $ G and A v B=G. Now if A were normal in G, then 
G = A B, hence M = (Mn A) B implying that A c A4 and thus 
G = A . B c M, a contradiction. 
Let R (resp. D) denote the radical (resp. derived group) of G. By the 
above, R cannot be minimal in A,(G), hence R = ( 1 } or R = G. (Note that 
R cannot be maximal in A,(G), since every semisimple k-group contains a 
k-torus # (1 }. First, we consider the case R = G (i.e., G is solvable). Then, 
by the preceding paragraph, D must be abelian and maximal in A,(G). We 
find a maximal element X of A,(G), such that Y := X A D is minimal in 
Ak(G). Since D is abelian and normal in G, it follows that Y is normalized 
by X and D, hence by G. This contradicts the preceding paragraph, proving 
that G is semisimple. 
If G is k-isotropic, it contains a k-subgroup k-isogenous to SL, (see 
BorellTits [4, Sect. 73) and clearly equals this subgroup. Now assume that 
G is k-anisotropic. Let S, T be distinct elements of /Ik(G) such that 9 and 
Tw are 2-dimensional. If both S and T are tori, S A T lies in the center of 
S v T= G, hence S A T= (1) contradicting the fact that S” A TV # { 1 }. 
Thus, we can assume that S is not a torus. Since G is anisotropic, rad(S) is 
a torus (which cannot be maximal in Ak(S)), so it follows that S is 
semisimple. Let U be the element of Ak(S) such that UV is # { 1 } and 
unipotent. Since UV is the only minimal element of A,.(P) contained in 
exactly one maximal element of A,(G), U is normalized by all k-rational 
elements of S. By [3, (18.3)], the k-rational elements lie dense in S (note 
that k is infinite, since G is an anisotropic semisimple k-group), hence U is 
normal in S, a contradiction (because S was shown to be semisimple). This 
proves the first assertion of Lemma 3. The second assertion follows from 
the group analogue of Lemma l(ii). 
LEMMA 4. If the quotient G/rad(G) of G by its radical rad(G) is 
anisotropic (over k), then G’/rad(G’) is also anisotropic (over k’). 
Proof Suppose the claim is wrong. Then we can choose the pair G, G’ 
to be a counterexample such that G is of minimal dimension. Since every 
isotropic semisimple k’-group contains a k’-subgroup which is k’-isogenous 
to SL, (see Borel-Tits [4, Sect. 71) it follows that G’/rad(G’) is 
k’-isogenous to SL, (by minimality of G). 
The greatest lower bound @(G’) of all maximal elements of A,.(G’) 
equals rad(G’). Indeed, we have clearly @(G’) c rad(G’). For the reversed 
inclusion, note that every maximal element of Ak(G’) is solvable (by 
minimality of G), hence contains rad(G’). 
Let R be the element of A,(G) with Rw = rad(G’). We want to prove that 
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R is normal in G. If k is infinite, the k-rational points of G lie dense in G 
(since k is perfect, see [3, (l&3)]), h ence R = Q(G) is normal in G. Now 
suppose that k is finite. Then G is solvable, since over a finite field, every 
semisimple group is isotropic (and G/rad(G) is k-anisotropic by 
hypothesis). Thus, the derived group D of G is different from G and so 
D. R#G (since R= G(G)). Obviously, there exist A’, Y in A,(G) with 
R = X A DR = Y A DR and X v Y = G. Since DR is normal in G, it follows 
that R is normalized by X and Y, hence by G. 
Now consider the k-group G/R. It is lattice isomorphic to G’/rad(G’) 
which is k’-isogenous to SL,. Hence G/R is k-isogenous to SL2 by 
Lemma 3. This gives the desired contradiction. 
LEMMA 5. If G is semisimple and has no nontrivial anisotropic connected 
normal k-subgroup, then G’ is also semisimple. 
Proof Let R be the element of Ak(G) such that Rq is the radical of G’. 
It follows from Lemma 4 that R is contained in every element X of Ak(G) 
which is maximal with respect to the property that X/rad(X) is 
k-anisotropic. If k is infinite, the intersection of these elements X is normal 
in G (since the k-rational points lie dense in G) and is thus finite (since its 
identity component is anisotropic); hence R = { 1). 
Now suppose that k is finite. Then, R is contained in every Bore1 sub- 
group of G defined over k. By [3, (16.6)] and [4,4.8], there exist two 
opposite Bore1 subgroups B, B of G defined over k. Then, R lies in 
T:=BnB , which is a maximal k-torus of B. Using [3, (14.4)] and 
[14, 11.4 and 11.81, it is easy to see that the U(k)-conjugates T, of T 
generate B, where U(k) denotes the group of k-rational points of the 
unipotent radical of B. Hence, the intersection of all T, is finite (being 
central in B). Since R lies in every T,, it follows that R = ( 1 1, i.e., G’ is 
semisimple. 
LEMMA 6. Suppose G and G’ are reductive. Then their maximal parabolic 
k- (resp. k’-) subgroups correspond under cp. 
Proof: Let P be a (proper) maximal parabolic k-subgroup of G with 
unipotent radical U. Since P ‘p is maximal in AJG’), it is parabolic or 
reductive (see [S, (3.2) and (3.3)]). 
Suppose Pq is reductive. By [4, Sect. 71, there exists a k-subgroup S of G 
such that S is k-isogenous to SL, and U, := S A U # { 1 }. It follows from 
Lemma 3 that U;P is unipotent, hence contained in a (normal) semisimple 
k’-subgroup H” of PV fulfilling the hypothesis of Lemma 5 (since Pq is 
reductive). Thus, H is semisimple by Lemma 5, contradicting the fact that 
HA U#{l). 
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PROPOSITION 4. Suppose G and G’ are reductive. Then, the parabolic 
(resp. connected unipotent) subgroups of G and G’ (defined over k resp. k’) 
correspond under q. In particular, G and G’ have the same relative rank. 
ProoJ: We first prove that cp maps parabolic subgroups to parabolic 
subgroups, using induction on r := k-rank(G). The case r = 0 is trivial. Now 
suppose r > 0. Let P be a (proper) maximal parabolic k-subgroup of G. By 
Lemma 6, Pw is a maximal parabolic k’-subgroup of G’. Let A (resp. A’) 
denote the inverse image in P (resp. P”) of the greatest connected 
anisotropic normal k- (resp. k’-) subgroup of P/rad(P) (resp. of 
Pq/rad(PV)). Then A is the greatest lower bound of all elements X of A,(P) 
that are maximal with respect to the property that X/rad(X) is 
k-anisotropic (cf. the proof of Lemma 5). From this and the analogous 
statement for A’ it follows that A’ = A” (by Lemma 4). 
Now let Q be a parabolic k-subgroup of G contained in P. Then, Q con- 
tains A, and Q/A is a parabolic k-subgroup of the semisimple k-group P/A, 
whose k-rank is strictly smaller than that of G. Since q induces an 
isomorphism A,(P/A) --t A,.(P’P/Aq), the induction hypothesis applies 
showing that Qq/AV is parabolic in Pq/AL” (note that A” = A’). Thus, Q’ is 
parabolic in G’, and the induction step is accomplished. 
Now let Q be a minimal parabolic k-subgroup of G. We know that Q” is 
minimal parabolic in G’. By [4, 4.8, 4.16, 4.181, the Levi subgroups of Q 
defined over k are the minimal elements of the set consisting of all Q A R, 
where R ranges over the parabolic k-subgroups of G. From this and the 
analogous statement for QV it follows that the Levi subgroups of Q and Qq 
(over k resp. k’) correspond under cp. 
The connected unipotent k-subgroups of Q can be characterized as those 
elements X of A,(Q) with X A L = { 1) for every Levi subgroup L of Q 
defined over k (since every maximal k-torus of Q is contained in such an L, 
see [4,4.15(b)]). Hence, by the preceding paragraph, cp maps unipotent 
subgroups of Q to unipotent subgroups of Q”. But every connected 
unipotent k-subgroup of G is contained in a minimal parabolic k-subgroup 
(see [S, 3.7]), hence the claim. (For the last assertion in proposition 4, note 
that k-rank(G) = log, card(A), where A is the set of all elements of A,(G) 
containing the minimal parabolic Q). 
PROPOSITION 5. If G is semisimple and has no nontrivial anisotropic 
connected normal k-subgroup, then G’ is also semisimple and the connected 
normal k- (resp. k’-) subgroups qf G and G’ correspond under cp. 
Proqf. G’ is semisimple by Lemma 5. So it is sufficient to prove that if 
N is a minimal connected normal k-subgroup of G, then NC” is normal in 
G’. 
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Let PO and Q0 be opposite proper parabolic k-subgroups of N (see 
[4,4.8]) with unipotent radicals U and I’, respectively. By [4,4.11], U and 
V generate N. Let P (resp. Q) denote the product of P, (resp. QO) with the 
centralizer of N in G. Then, P and Q are parabolic k-subgroups of G with 
unipotent radicals Ii and I’, respectively. Thus, P”’ and Q”’ are parabolic 
k’-subgroups of G’ (by Proposition 4) with unipotent radicals UV and I”“, 
respectively (since U is the intersection of all maximal unipotent 
k-subgroups of P (cf. the proof of Lemma 5) and similarly for V). 
Since Pq A V’ = Qq A Uw = { 1 }, it follows from the above and [4,4.10] 
that Pw and Q’+’ are opposire parabolic subgroups of G’. Hence, 17” and Vv 
generate a normal subgroup of G’ (by [4,4.11 I). Thus, N’P = U” v Vq is 
normal in G’. Q.E.D. 
Remark 4. It is easy to construct k-groups G, G’, G” with 
A,(G) z A,(G’) z A,(G”), such that G is the direct product of an arbitrary 
number of anisotropic simple k-groups of (absolute) rank 1, G’ is a torus 
and G” is the direct product of a 2-dimensional unipotent k-group, a 
k-torus and a group structured like the above G. 
Remark 5. In view of Proposition 5, from now on we restrict attention 
to the case that G is almost simple over k. Since the lattice A,(G) depends 
only on the k-isogeny class of G, it is no essential restriction to assume that 
G is adjoint. 
DEFINITION. (a) If K is a finite extension field of k, see [4, 6.171 for 
the definition of the functor R,,, (“restriction of scalars”) from the 
category of K-groups to the category of k-groups. 
(b) If G is almost simple over k (i.e., G is semisimple and has no 
nontrivial connected proper normal subgroup defined over k) and adjoint, 
then there exists a finite extension field K of k and an adjoint absolutely 
simple K-group G, such that GZ R,,,(G,) (see [4, 6.21(ii)]). We fix such a 
choice of K, GO for G and assume G = R,,,(G,). If also G’ is adjoint and 
almost simple over k’, we do the same for G’, i.e., we assume 
G’ = R,,,,,(G;) for suitable K’, Gb. Then R,,, (resp. R,,,,,) induces a lattice 
monomorphism 
R: n AGo) + n,(G) (resp. R’: A&G;,) + A,.(G’)). 
(c) For the notion of special k-isogeny used below, see [16, 5.7.31 
and [6, 3.31. 
If F is a k-group and CC k + k’ a field isomorphism, we denote by “F the 
k’-group obtained from F through base change with c(. 
PROPOSITION 6. Suppose G is almost simple over k of relative rank 12. 
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Then the same is true ,for G’ (over k’). !f in addition G and G’ are adjoint, 
then there exists a unique isomorphism 3: K + K’ and a unique special 
K’-isogeny h: ‘GO + Gb with R’h(“P) = (RP)‘P for every parabolic 
K-subgroup P qf G,. 
ProoJ The first assertion follows from Propositions 4 and 5. Now 
assume that G and G’ are adjoint. Then GO and CL are (defined and) 
adjoint absolutely simple of relative rank 22 (over K resp. K’), see 
[4, 6.21(i)]. 
Since the parabolic K- (resp. k-) subgroups of G, and G correspond 
bijectively under R (see [4,6.19]), and analogously for G’, Gb, it follows 
from Proposition 4 that cp induces an isomorphism between the building of 
G, over K and the building of Gb over K’, and again the claim follows from 
[ 16, Theorem 5.81. 
COROLLARY 3. If G is absolutely simple of relative rank 22, then the 
same is true for G’. 
Proof. Under the new hypothesis, A,(Gb) z A,(G,) z /1,(G) z n,.(G’). 
Let us call a chain U, < .!Jz.. . < U,, in A,,(Gb) (or Ak(G’)) unipotent if all 
the U,‘s are unipotent. Then since n k(Gb) z n,.(G’), every unipotent chain 
U, < ... < U, in /Ik(Gb) of maximal length gives rise to a maximal 
unipotent chain R’U, < ... < R’U,, in n,.(G’) (in view of Proposition 4); in 
particular, R’U, must be l-dimensional (since it is trigonalisable over k 
(see [3, 15.53) and minimal in /i,JG’)). Hence 1 =dim R’U, = 
[K’:k’].dim U,, implying that k’= K’, hence the claim. 
PROPOSITION 7. Let K be a field with perfect subfields k, and k, such 
that [K:ki] < 00. Let H be an algebraic group, defined and almost simple 
over K, of relative rank 2 2, and set H, := R,,,,(H); let R, : A,(H) -+ A,,(Hi) 
denote the corresponding lattice monomorphism (for i = 1, 2). Suppose there 
exists an isomorphism x: A,,(H,) + A,,(H,) with (R, P)” = R, P for every 
parabolic K-subgroup P of H. Then k, = k,. 
Proof: By [4, 7.21, H, has a k,-split almost simple k,-subgroup A of 
the same relative rank. Applying Proposition 6 and Corollary 3 to (the 
adjoint group of) A, we get k, z k,, which proves the claim in case K is 
finite. Thus we may assume that K is infinite. Then we can parallel the 
arguments in Step 2 of the proof of Proposition 3 in order to reduce the 
claim to the case that H is K-split. 
So now we assume that H is K-split; then we may assume that H is 
defined over the prime field of K. Furthermore, we may assume that H is 
adjoint. We know that there exists a K-morphism ~1, : H, + H, such that 
for every k,-group X and for every K-morphism 6: X-+ H there exists a 
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unique k ,-morphism E: X+H, with P,E=~ (see [4, 6.171). Let the 
K-morphism pz: H, -+ H be chosen analogously. 
Then there exists a (unique) k,-morphism j,: H+ H, with p,j, =id,. 
Clearly j, is a k,-isomorphism from H onto a k,-subgroup F of H, . Then 
E := FX is a k,-subgroup of H, which is k,-isogenous to “F for some 
isomorphism ~1: k, -+ k, (by Proposition 6 and Corollary 3). Thus E is 
k,-split almost simple (since k, is perfect, see [4, 1.9(a)]). Let j: E -+ H be 
the restriction of pl. Since E is defined over k?, it cannot lie in the kernel of 
p2, hencej is not trivial and is thus an isogeny (since E is absolutely almost 
simple and dim E = dim H). Then it follows from [6, 3.51 that the kernel X 
of L(j) (= the Lie algebra map induced by j) is defined over k,. Also the 
kernel Y of j is defined over k,, since it equals the center of E. Thus we get 
Y 5 ker(“p,) and X5 ker L(“pLz) for every @ in the absolute Galois group f 
of k,. But (U’p2,..., ““u2) is an isomorphism from H, to “‘H x .. x ““H for 
certain O, ,..., ORE f (see [4, 6.17]), hence X and Y are trivial; i.e., j is 
separable and injective, hence an isomorphism. 
Now we know that E is adjoint, hence by Proposition 6 and Corollary 3 
there exists an isomorphism ~1: k, + k, and a kz-isogeny TV: *F+ E with 
P: = s,(“P,) for every parabolic k,-subgroup P, of F. 
Then z := jzzzj, is a K-isogeny H -+ H with the property: (*) r( “P) = P 
for every parabolic k,-subgroup P of H. From (*) it follows by Lemma 2 
that k, s k,; then also k, z k, (by symmetry), hence the claim. 
For the proof of (*) note that Q 5 R*&(Q)) for every connected 
k,-subgroup Q of Hz. Thus for every parabolic k,-subgroup P of H, 
j,(PY = ~2(‘Cj,(P)l) = ~2”j,(“P) 5 ~Ap2T,“j,(‘P)) =Rdd”P)), 
hence 
j,(p) 5 R2(~(“f’))X ’ = R,(T(“P)) 
and finally 
P= plJ’,(P) 2 pI R,(d”f’)) = ~(‘f’) proving ( * ). 
THEOREM 2. Suppose G is almost simple over k and of relative rank 22. 
Then for every connected algebraic group G’ defined over the perfect field k’ 
we have: The lattices Ak(G) and A,(G’) are isomorphic tf and only if t’G is 
k’isogenous to G’ for some isomorphism /3: k -+ k’. Moreover, if cp: 
A,(G) --f A,(G’) is a lattice isomorphism and G, G’ are adjoint, then there 
exists a unique isomorphism b: k -+ k’ and a unique special k’-isogeny f’: 
“G + G’ with f (“P) = PV for every parabolic k-subgroup P of G. 
Proof: It suffices to prove the last assertion. So assume G and G’ are 
adjoint. Then by Proposition 6 there exists an isomorphism CI: K + K’ and 
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a special K’-isogeny h: ‘GO + Gb with R’/z(“Q) = (RQ)” for every parabolic 
K-subgroup Q of G,,. Set k, := c( ‘(k’); then fi := cz k, is an isomorphism 
k, + k’. Furthermore, set G, := R,,,,(G”) and let R,: A,(G,) + A,,(G,) 
denote the lattice monomorphism induced by R,,,,. 
Now we choose canonical projections p, : G, + G, and ,u’: G’ --) Cd (as in 
[4, 6.171). Then ‘p,: “G, -+ ‘Go is a K’-morp hism, hence also h 0 Ip, : 
“G, -+ G’,, is a K-morphism and by the universal mapping property of p’ 
(see [4, 6.171) we have hL’ %n, =p’o,ffor a k’-morphismf: “G, --f G’, which 
is then necessarily a special k’-isogeny (since h is one). 
Now let Q be a parabolic K-subgroup of G,, and P := R,(Q). Then 
Q = ,n, (P), hence ‘Q = ‘p ,( “P) and h( ‘Q) = h 0 ‘n, (“P) = p’ o,f‘( “P), finally 
(RQ)“=R’h(“Q)= R’/lf(“P)=f(“P)=f(“(R,Q)). Thus X+,f(“X)V 
defines a lattice isomorphism x: A,,(G,) + A,(G) with (R, Q)x = RQ for 
every parabolic K-subgroup Q of G,. Now it follows from Proposition 7 
that k, = k. This proves the existence part of the claim (since every 
parabolic k-subgroup P of G is of the form P = RQ = R, Q for a parabolic 
K-subgroup Q of G,, see [4, 6.191). 
It remains to prove the uniqueness of /!I and f: So assume fl is another 
isomorphism k -+ k’ and ,f: pG --t G’ a special k’-isogeny with ,f( “P) = ,f( “P) 
for every parabolic k-subgroup P of G. Let k (resp. k’) be an algebraic 
closure of k (resp. k’) containing K (resp. K’), and let I(: G + G, be the 
canonical projection. 
Let H (resp. H’) be the (unique) nontrivial simple normal k (resp. k’-) 
subgroup of G (resp. G’) not contained in ker(p) (resp. ker(p’)). Then K 
(resp. K’) is the smallest extension field of k (resp. k’) in k (resp. k’) such 
that H (resp. H’) is defined over K (resp. K’), see [4, 6.21(ii)]. 
Now choose an extension y: K -+ k’ of fl. Then F :=T(?H) is a normal 
k’-subgroup of G’ whose smallest field of definition (contained in k’ and 
containing k’) is y(K). But we have H’ = “F for some g E Gal(k’ 1 k’), hence 
for 6 := cry we get H’ =,T(“H) and K’ = 6(K). Thusfinduces a K-morphism 
5: ‘GO + Gb with h” 0 ‘p = p’ c>,f Then K is a special K’-isogeny and for every 
parabolic K-subgroup Q of G, we have-if we set P := R(Q)-E(“Q) = 
&“(pP)) = ??@P) = p’f(“P) = p’f(BP) = ho”p(pP) = h(“(pP)) = 
h(“Q) (thereby we used the relation p’rl.f=h~~‘n, (see above) assuming 
that p = n,). By the uniqueness of CI and h in Proposition 6 it follows that 
a = 6 and h = h, hence /I = p and f =f (by the uniqueness in the universal 
mapping property of p’, see [4, 6.171). Q.E.D. 
Remark 6. Similar remarks as for Theorem 1 apply, which lead us to 
consider the group @ of those lattice automorphisms of A,(G) (call them 
“exce@onal”) that fix every parabolic k-subgroup of G. The exceptional 
lattice automorphisms constructed by Barnes in the Lie algebra case (see 
Remark 2) fix every algebraic subalgebra and thus do not have a counter- 
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part for algebraic groups. Indeed it is easy to see that @ is trivial if G is 
almost simple of rank 23 and k is algebraically closed of characteristic 0 
(the condition on the characteristic comes in through the Jacobson- 
Morosov Theorem); however, @ is not trivial if rank(G) = 2, which can 
be shown by a construction similar to that in [ 17, sect. 31 (there the 
construction works only for G = SL,, but since we consider only connected 
subgroups here, it works in our set-up for all split groups of rank 2). 
Finally, if we drop the condition that k is algebraically closed, further types 
of exceptional lattice automorphisms occur: e.g., take G = SL, for a prime p 
and suppose k has a Galois extension K of degree p; then A,(G) contains 
elements (namely anisotropic tori split over K) which are maximal and 
minimal in Ak(G), hence every permutation of these elements can be exten- 
ded to a lattice automorphism of A,(G) (that fixes all the other elements). 
REFERENCES 
I. D. W. BARNES. Lattice isomorphisms of Lie algebras, J. Austrul. Moth. Sot. 4 (1964), 
4lwtl5. 
2. D. W. BARNES, Lattice automorphisms of semisimple Lie algebras, J. Auslrul. Mu/h. Sot. 
16 (1973), 43-53. 
3. A. BOREL, Linear Algebraic Groups, Benjamin, New York, 1969. 
4. A. BOREL AND J. TITS, Groupes rCductifs, Insr. Huutes l?‘rudes Sci. Puhl. Math. 21 (1965), 
55-150. 
5. A. BOKEL AND J. TITS, &ments unipotents et sous-groupes parabohques de groupes 
rtductifs, I, Inuenr. Murk. 12 (1971), 95-104. 
6. A. BOREL AND J. TITS, Homomorphismes “abstraits” de groupes algibriques simples, Ann. 
qf Muth. 91 (1973), 499-571. 
7. C. CHEVALLEY, “Thiorie des groupes de Lie,” tome III, Thiorkmes g&n&raux sur les 
algtbres de Lie, Hermann, Paris, 1955. 
8. A. G. GEIN, Projections of a Lie algebra of characteristic 0, IX. Vys.Fh. UEhehn. Zurrd. 
Mat. 191 (4) (1978), 26-31. 
9. M. GOTO, Lattices of subalgebras of real Lie algebras, J. Algehru 11 (1969), 6-24. 
10. J. E. HUMPHREY& “Introduction to Lie Algebras and Representation Theory,” Springer, 
Berlin/Heidelberg/New York, 1972. 
1 I. N. JACOBSON, “Lie Algebras,” Interscience, New York, 1972. 
12. B. KOLMAN, Semimodular Lie algebras, J. Sci. Hiroshima (inip. Ser. A-l 29 (1965), 
149-163. 
13. G. B. SELIGMAN, “Rational Methods in Lie Algebras,” Dekker, New York/Basel, 1976. 
14. R. STEINBERG, Endomorphisms of linear algebraic groups, Mem. Amer. Math. Sot. 80 
(1968). 
15. D. A. TOWERS, Lattice isomorphisms of Lie algebras, Mnrh. Proc. Cambridge Philos. Sot. 
89 (1981). 285-292. 
16. J. TITS, “Buildings of Spherical Type and Finite BN-Pairs,” Lect. Notes in Math., 
Vol. 386, Springer, Berlin/Heidelberg/New York, 1974. 
17. H. V~~LKLEIN, On the lattice automorphisms of the tinite Chevalley groups, Proc. Kon. 
Ned. Akad. Wer. (Inda,q. Math.) 89 (1986), 213-228. 
